
❘❛♥❞❱❛r✿ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❜② ♠❡❛♥s ♦❢

❙✹ ❝❧❛ss❡s ❛♥❞ ♠❡t❤♦❞s

▼❛tt❤✐❛s ❑♦❤❧

❡✲▼❛✐❧✿ ♠❛tt❤✐❛s✳❦♦❤❧❅st❛♠❛ts✳❞❡

❱❡rs✐♦♥ ❝♦♥tr♦❧ ✐♥❢♦r♠❛t✐♦♥✿

❍❡❛❞ ❯❘▲✿ s✈♥✰ss❤✿✴✴st❛♠❛ts❅s✈♥✳r✲❢♦r❣❡✳

r✲♣r♦❥❡❝t✳♦r❣✴s✈♥r♦♦t✴r♦❜❛st✴♣❦❣✴

❘❛♥❞❱❛r✴✈✐❣♥❡tt❡s✴❘❛♥❞❱❛r✳❘♥✇

▲❛st ❝❤❛♥❣❡❞ ❞❛t❡✿ ✷✵✶✼✲✵✹✲✷✷ ✶✷✿✷✼✿✹✹ ✰✵✷✵✵ ✭❙❛✱ ✷✷✳ ❆♣r ✷✵✶✼✮
▲❛st ❝❤❛♥❣❡s r❡✈✐s✐♦♥✿ ✾✸✶
❱❡rs✐♦♥✿ ❘❡✈✐s✐♦♥ ✾✸✶
▲❛st ❝❤❛♥❣❡❞ ❜②✿ P❡t❡r ❘✉❝❦❞❡s❝❤❡❧ ✭r✉❝❦❞❡s❝❤❡❧✮

❏❛♥✉❛r② ✸✵✱ ✷✵✷✹

❆❜str❛❝t

■♥ t❤✐s ♣❛❝❦❛❣❡ ✇❡ ✐♠♣❧❡♠❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❜② ♠❡❛♥s ♦❢ ❙✹ ❝❧❛ss❡s ❛♥❞ ♠❡t❤♦❞s✳
❚❤✐s ✈✐❣♥❡tt❡ ❝♦rr❡s♣♦♥❞s t♦ ❆♣♣❡♥❞✐① ❉✳✷ ✐♥ ❑♦❤❧ ✭✷✵✵✺✮ ❬✸❪✳

❈♦♥t❡♥ts

✶ ❙✹ ❈❧❛ss❡s ✷

✷ ❋✉♥❝t✐♦♥s ❛♥❞ ▼❡t❤♦❞s ✸

✸ ❖❞❞s ❛♥❞ ❊♥❞s ✾

✶

svn+ssh://stamats@svn.r-forge.r-project.org/svnroot/robast/pkg/RandVar/vignettes/RandVar.Rnw
svn+ssh://stamats@svn.r-forge.r-project.org/svnroot/robast/pkg/RandVar/vignettes/RandVar.Rnw
svn+ssh://stamats@svn.r-forge.r-project.org/svnroot/robast/pkg/RandVar/vignettes/RandVar.Rnw


✶ ❙✹ ❈❧❛ss❡s

❚❤❡ ❙✹ ❝❧❛ss ❘❛♥❞❱❛r✐❛❜❧❡ ✭❝❢✳ ❋✐❣✉r❡ ✶✮ ❤❛s t❤❡ s❧♦ts ▼❛♣✱ ❉♦♠❛✐♥ ❛♥❞ ❘❛♥❣❡ ✇❤❡r❡ ▼❛♣

❝♦♥t❛✐♥s ❛ ❧✐st ♦❢ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ♠❡❛s✉r❛❜❧❡ ♠❛♣s ❢r♦♠ ❉♦♠❛✐♥ t♦ ❘❛♥❣❡✳ ❚❤❡ ❡❧❡♠❡♥ts
❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❧✐st ▼❛♣ ♠✉st ❜❡ ❢✉♥❝t✐♦♥s ✐♥ ♦♥❡ ❛r❣✉♠❡♥t ♥❛♠❡❞ ①✳ ❲❡ ❞♦ ♥♦t ❛❧❧♦✇
❢✉rt❤❡r ♣❛r❛♠❡t❡rs ❢♦r t❤❡s❡ ❢✉♥❝t✐♦♥s ❛s t❤✐s ✇♦✉❧❞ ❧❡❛❞ t♦ ✐♥❝♦♥s✐st❡♥t ♦❜❥❡❝ts✳ ❙tr✐❝t❧②
s♣❡❛❦✐♥❣✱ ❛♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss ❘❛♥❞❱❛r✐❛❜❧❡ ✇♦✉❧❞ r❡♣r❡s❡♥t ♥♦t ♦♥❧② ♦♥❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
❜✉t ❛ ✇❤♦❧❡ s❡t ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡s❡ ♣❛r❛♠❡t❡rs✳

❚❤❡ s❧♦ts ❉♦♠❛✐♥ ❛♥❞ ❘❛♥❣❡ ❛r❡ ✜❧❧❡❞ ✇✐t❤ ❛♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss ❖♣t✐♦♥❛❧r❙♣❛❝❡❀ ✐✳❡✳✱ t❤❡②
❝♦♥t❛✐♥ ◆❯▲▲ ♦r ❛♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss r❙♣❛❝❡ ✭s❡❡ ♣❛❝❦❛❣❡ ❞✐str ❬✹❪✮✳ ■♥ ❝❛s❡ ♦❢ ❊✉❝❧❘❛♥❞❱❛r✐❛❜❧❡
❛♥❞ ❘❡❛❧❘❛♥❞❱❛r✐❛❜❧❡ t❤❡ s❧♦t ❘❛♥❣❡ ✐s ✜❧❧❡❞ ✇✐t❤ ❛♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss ❊✉❝❧✐❞❡❛♥s♣❛❝❡ ❛♥❞
❘❡❛❧s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝❧❛ss ❊✉❝❧❘❛♥❞▼❛tr✐① ❛❞❞✐t✐♦♥❛❧❧② ❤❛s t❤❡ s❧♦t ❉✐♠ ✇❤✐❝❤ ✐s ❛
✈❡❝t♦r ♦❢ ✐♥t❡❣❡rs ❛♥❞ ❝♦♥t❛✐♥s t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❊✉❝❧✐❞❡❛♥ r❛♥❞♦♠ ♠❛tr✐①✳

❯s✐♥❣ t❤❡s❡ ❙✹ ❝❧❛ss❡s t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s t♦ ✐♠♣❧❡♠❡♥t ❛ R
k ✈❛❧✉❡❞ r❛♥❞♦♠

✈❛r✐❛❜❧❡✳ ❋✐rst✱ ✇❡ ❝♦✉❧❞ ❞❡✜♥❡ ❛ ❊✉❝❧❘❛♥❞❱❛r✐❛❜❧❡ ✇❤♦s❡ s❧♦t ▼❛♣ ❝♦♥t❛✐♥s ❛ ❧✐st ✇✐t❤
♦♥❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ♠❛♣s t♦ R

k❀ ✐✳❡✳✱ t❤❡ s❧♦t ❘❛♥❣❡ ✐s ❛ k✲❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✳ ❙❡❝✲
♦♥❞✱ ✇❡ ❝♦✉❧❞ ❞❡✜♥❡ ❛ ❊✉❝❧❘❛♥❞❱❛r✐❛❜❧❡ ✇❤♦s❡ s❧♦t ▼❛♣ ❝♦♥t❛✐♥s ❛ ❧✐st ✇✐t❤ n ❢✉♥❝t✐♦♥s
✭♣r♦❥❡❝t✐♦♥s✮ ✇❤✐❝❤ ♠❛♣ t♦ R

m ✇❤❡r❡ k = m ∗n✳ ◆♦✇✱ t❤❡ s❧♦t ❘❛♥❣❡ ✐s ❛♥ m✲❞✐♠❡♥s✐♦♥❛❧
❊✉❝❧✐❞❡❛♥ s♣❛❝❡✳ ❙✐♥❝❡ ✐t ✐s s♦♠❡t✐♠❡s ❝♦♥✈❡♥✐❡♥t t♦ r❡❣❛r❞ ❛ R

k ✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
❛s ♠❡❛s✉r❛❜❧❡ ♠❛♣ ❝♦♥s✐st✐♥❣ ♦❢ Rki ✈❛❧✉❡❞ ♠❛♣s ✇❤❡r❡

∑
ki = k✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❢✉rt❤❡r

❝❧❛ss ❝❛❧❧❡❞ ❊✉❝❧❘❛♥❞❱❛r▲✐st✳ ❲✐t❤ t❤✐s ❝❧❛ss ✇❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ R
k ✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐✲

❛❜❧❡s ❛s ❛ ❧✐st ♦❢ Rki ✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❝♦♠♣❛t✐❜❧❡ ❞♦♠❛✐♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
t❤❡ ❡❧❡♠❡♥ts ♦❢ ❛ ❊✉❝❧❘❛♥❞❱❛r▲✐st ♠❛② ❡✈❡♥ ❤❛✈❡ ✈❡r② ❞✐✛❡r❡♥t r❛♥❣❡s ✭♥♦t ♥❡❝❡ss❛r✐❧②
❊✉❝❧✐❞❡❛♥ s♣❛❝❡s✮ t❤❡② ♦♥❧② ♥❡❡❞ t♦ ❤❛✈❡ ❝♦♠♣❛t✐❜❧❡ ❞♦♠❛✐♥s ✇❤✐❝❤ ✐s ❝❤❡❝❦❡❞ ✈✐❛ t❤❡
❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡❉♦♠❛✐♥s✳

✷



RandVariable

Map : list

Domain : OptionalrSpace

Range : OptionalrSpace

EuclRandVariable

Range : EuclideanSpace

EuclRandMatrix

Dim : integer

RealRandVariable

Range : Reals

❋✐❣✉r❡ ✶✿ ❈❧❛ss ❘❛♥❞❱❛r✐❛❜❧❡ ❛♥❞ s✉❜❝❧❛ss❡s✳

✷ ❋✉♥❝t✐♦♥s ❛♥❞ ▼❡t❤♦❞s

❆s ✐♥ ❝❛s❡ ♦❢ ♣❛❝❦❛❣❡ ❞✐str❊① ❬✹❪✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❛❞✈✐❝❡s ♦❢ ❙❡❝t✐♦♥ ✼✳✸ ♦❢ ❬✶❪ ❛♥❞ ❬✷❪✳ ❚❤❛t
✐s✱ ✇❡ ✐♥tr♦❞✉❝❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ❛s ✇❡❧❧ ❛s ❛❝❝❡ss♦r ❛♥❞ r❡♣❧❛❝❡♠❡♥t ❢✉♥❝t✐♦♥s✳ ❆ s❤♦rt
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✳
❲❤✐❧❡ t❤❡r❡ ❛r❡ ❛❝❝❡ss♦r ❢✉♥❝t✐♦♥s ❢♦r ❛❧❧ s❧♦ts ♦❢ t❤❡ ♥❡✇❧② ❞❡✜♥❡❞ ❙✹ ❝❧❛ss❡s✱ r❡♣❧❛❝❡♠❡♥t
❢✉♥❝t✐♦♥s ❛r❡ ♦♥❧② ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤♦s❡ s❧♦ts ❛ ✉s❡r s❤♦✉❧❞ ♠♦❞✐❢②✳

❖✉r ♥❡①t ❣♦❛❧ ✇❛s t❤❛t ♦♥❡ ❝❛♥ ✉s❡ t❤❡s❡ ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❧✐❦❡ ♦r❞✐♥❛r② ♥✉✲

✸



●❡♥❡r❛t✐♥❣ ❋✉♥❝t✐♦♥ ❉❡s❝r✐♣t✐♦♥

❊✉❝❧❘❛♥❞▼❛tr✐① ●❡♥❡r❛t❡s ❛♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss ❊✉❝❧❘❛♥❞▼❛tr✐①

❊✉❝❧❘❛♥❞❱❛r✐❛❜❧❡ ●❡♥❡r❛t❡s ❛♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss
❊✉❝❧❘❛♥❞❱❛r✐❛❜❧❡

❊✉❝❧❘❛♥❞❱❛r▲✐st ●❡♥❡r❛t❡s ❛♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss
❊✉❝❧❘❛♥❞❱❛r▲✐st

❘❛♥❞❱❛r✐❛❜❧❡ ●❡♥❡r❛t❡s ❛♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss ❘❛♥❞❱❛r✐❛❜❧❡

❘❡❛❧❘❛♥❞❱❛r✐❛❜❧❡ ●❡♥❡r❛t❡s ❛♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss
❘❡❛❧❘❛♥❞❱❛r✐❛❜❧❡

❚❛❜❧❡ ✶✿ ●❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♣❛❝❦❛❣❡ ❘❛♥❞❱❛r✳

♠❡r✐❝ ✈❡❝t♦rs ♦r ♠❛tr✐❝❡s✳ ❍❡♥❝❡✱ ✇❡ ♦✈❡r❧♦❛❞❡❞ t❤❡ ❙✹ ❣r♦✉♣ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥s ❆r✐t❤ ❛♥❞
▼❛t❤ ❛s ✇❡❧❧ ❛s ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✪✯✪✳ ❋♦r t❤❡ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❊✉❝❧❘❛♥❞❱❛r▲✐sts
✇❡ ❛❞❞✐t✐♦♥❛❧❧② ✐♥tr♦❞✉❝❡❞ t❤❡ ♦♣❡r❛t♦r ✪♠✪✳ ◆♦✇✱ ✐❢ ✇❡ ❤❛✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❳ ❛♥❞ ❨✱
❛ ♥✉♠❡r✐❝❛❧ ✈❡❝t♦r ✈ ❛♥❞ ❛ ♥✉♠❡r✐❝❛❧ ♠❛tr✐① ▼ ✭✇✐t❤ ❝♦♠♣❛t✐❜❧❡ ❞✐♠❡♥s✐♦♥s✮ ✇❡ ❝❛♥ ❢♦r
✐♥st❛♥❝❡ ❣❡♥❡r❛t❡

❃ ❧✐❜r❛r②✭❘❛♥❞❱❛r✮

❃ ❞✐str♦♣t✐♦♥s✭✧✇✐t❤❙✇❡❛✈❡✧ ❂ ❚❘❯❊✮ ★★ ♦♥❧② ❢♦r ✉s❡ ✐♥ ❙✇❡❛✈❡ ✲ ❞♦❝✉♠❡♥t❀ s❡t t♦ ❋❆▲❙❊ ❡❧s❡✦

❃ ✭❳ ❁✲ ❘❡❛❧❘❛♥❞❱❛r✐❛❜❧❡✭▼❛♣ ❂ ❧✐st✭❢✉♥❝t✐♦♥✭①✮④①⑥✱ ❢✉♥❝t✐♦♥✭①✮④①❫✷⑥✮✱ ❉♦♠❛✐♥ ❂ ❘❡❛❧s✭✮✱ ❘❛♥❣❡ ❂ ❘❡❛❧s✭✮✮✮

❆♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss ✏❘❡❛❧❘❛♥❞❱❛r✐❛❜❧❡✑

❧❡♥❣t❤ ♦❢ ▼❛♣✿ ✷

❉♦♠❛✐♥✿ ❘❡❛❧ ❙♣❛❝❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ✶

❘❛♥❣❡✿ ❘❡❛❧ ❙♣❛❝❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ✶

❃ ▼❛♣✭❳✮

❬❬✶❪❪

❢✉♥❝t✐♦♥✭①✮④①⑥

❬❬✷❪❪

❢✉♥❝t✐♦♥✭①✮④①❫✷⑥

❃ ❡✈❛❧❘❛♥❞❱❛r✭❳✱ ✷✮

❬✱✶❪

❬✶✱❪ ✷

❬✷✱❪ ✹

❃ ❡✈❛❧❘❛♥❞❱❛r✭❳✱ ❛s✳♠❛tr✐①✭s❡q✭✷✱ ✶✵✱ ✷✮✮✮

✹



✱ ✱ ✶

❬✱✶❪ ❬✱✷❪ ❬✱✸❪ ❬✱✹❪ ❬✱✺❪

❬✶✱❪ ✷ ✹ ✻ ✽ ✶✵

❬✷✱❪ ✹ ✶✻ ✸✻ ✻✹ ✶✵✵

❃ ❘✶ ❁✲ ❡①♣✭❳✲✶✮

❃ ▼❛♣✭❘✶✮

❬❬✶❪❪

❢✉♥❝t✐♦♥ ✭①✮

④

❢✶ ❁✲ ❢✉♥❝t✐♦♥ ✭①✮

④

❢✶ ❁✲ ❢✉♥❝t✐♦♥ ✭①✮

④

①

⑥

❢✶✭①✮ ✲ ✶

⑥

❡①♣✭❢✶✭①✮✮

⑥

❁❡♥✈✐r♦♥♠❡♥t✿ ✵①✺✺✾❝❢✼✾✼❡❝✶✽❃

❬❬✷❪❪

❢✉♥❝t✐♦♥ ✭①✮

④

❢✶ ❁✲ ❢✉♥❝t✐♦♥ ✭①✮

④

❢✶ ❁✲ ❢✉♥❝t✐♦♥ ✭①✮

④

①❫✷

⑥

❢✶✭①✮ ✲ ✶

⑥

❡①♣✭❢✶✭①✮✮

⑥

❁❡♥✈✐r♦♥♠❡♥t✿ ✵①✺✺✾❝❢✼✾✼❡❝✶✽❃

❃ ❘✷ ❁✲ ❡①♣✭❳✲✶✿✷✮

❃ ▼❛♣✭❘✷✮

✺



❬❬✶❪❪

❢✉♥❝t✐♦♥ ✭①✮

④

❢✶ ❁✲ ❢✉♥❝t✐♦♥ ✭①✮

④

❢✶ ❁✲ ❢✉♥❝t✐♦♥ ✭①✮

④

①

⑥

❢✶✭①✮ ✲ ✶▲

⑥

❡①♣✭❢✶✭①✮✮

⑥

❁❡♥✈✐r♦♥♠❡♥t✿ ✵①✺✺✾❝❢✼✾❢✶✶✻✽❃

❬❬✷❪❪

❢✉♥❝t✐♦♥ ✭①✮

④

❢✶ ❁✲ ❢✉♥❝t✐♦♥ ✭①✮

④

❢✶ ❁✲ ❢✉♥❝t✐♦♥ ✭①✮

④

①❫✷

⑥

❢✶✭①✮ ✲ ✷▲

⑥

❡①♣✭❢✶✭①✮✮

⑥

❁❡♥✈✐r♦♥♠❡♥t✿ ✵①✺✺✾❝❢✼✾❢✶✶✻✽❃

❃ ✭❨ ❁✲ ❘❡❛❧❘❛♥❞❱❛r✐❛❜❧❡✭▼❛♣ ❂ ❧✐st✭❢✉♥❝t✐♦♥✭①✮④s✐♥✭①✮⑥✱ ❢✉♥❝t✐♦♥✭①✮④❝♦s✭①✮⑥✮✱ ❉♦♠❛✐♥ ❂ ❘❡❛❧s✭✮✱ ❘❛♥❣❡ ❂ ❘❡❛❧s✭✮✮✮

❆♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss ✏❘❡❛❧❘❛♥❞❱❛r✐❛❜❧❡✑

❧❡♥❣t❤ ♦❢ ▼❛♣✿ ✷

❉♦♠❛✐♥✿ ❘❡❛❧ ❙♣❛❝❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ✶

❘❛♥❣❡✿ ❘❡❛❧ ❙♣❛❝❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ✶

❃ ▼❛♣✭❨✮

❬❬✶❪❪

❢✉♥❝t✐♦♥✭①✮④s✐♥✭①✮⑥

✻



❬❬✷❪❪

❢✉♥❝t✐♦♥✭①✮④❝♦s✭①✮⑥

❃ ❘✸ ❁✲ ❳ ✪✯✪ ❨

❃ ❞✐♠❡♥s✐♦♥✭❘✸✮

❬✶❪ ✶

❃ ★❡✈❛❧❘❛♥❞❱❛r✭❘✸✱ ✷✮

❃ ✷✯s✐♥✭✷✮ ✰ ✷❫✷✯❝♦s✭✷✮

❬✶❪ ✵✳✶✺✹✵✵✼✺

❃ ✭❘✹ ❁✲ ❳ ✪✯✪ t✭❨✮✮

❆♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss ✏❊✉❝❧❘❛♥❞▼❛tr✐①✑

❉✐♠ ♦❢ ▼❛♣✿ ✷ ✷

❉♦♠❛✐♥✿ ❘❡❛❧ ❙♣❛❝❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ✶

❘❛♥❣❡✿ ❊✉❝❧✐❞❡❛♥ ❙♣❛❝❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ✶

❃ ❞✐♠❡♥s✐♦♥✭❘✹✮

❬✶❪ ✹

❃ ★❡✈❛❧❘❛♥❞❱❛r✭❘✹✱ ✷✮

❃ ✭▼ ❁✲ ♠❛tr✐①✭❝✭✷✯s✐♥✭✷✮✱ ✷❫✷✯s✐♥✭✷✮✱ ✷✯❝♦s✭✷✮✱ ✷❫✷✯❝♦s✭✷✮✮✱ ♥❝♦❧ ❂ ✷✮✮

❬✱✶❪ ❬✱✷❪

❬✶✱❪ ✶✳✽✶✽✺✾✺ ✲✵✳✽✸✷✷✾✸✼

❬✷✱❪ ✸✳✻✸✼✶✾✵ ✲✶✳✻✻✹✺✽✼✸

❃ ✭❘✺ ❁✲ ▼ ✪✯✪ ❘✹✮

❆♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss ✏❊✉❝❧❘❛♥❞▼❛tr✐①✑

❉✐♠ ♦❢ ▼❛♣✿ ✷ ✷

❉♦♠❛✐♥✿ ❘❡❛❧ ❙♣❛❝❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ✶

❘❛♥❣❡✿ ❘❡❛❧ ❙♣❛❝❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ✶

❲❡ ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ❙✹ ♠❡t❤♦❞s ❢♦r t❤❡ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥ ❊ ♦❢ ♣❛❝❦❛❣❡ ❞✐str❊① ❬✹❪✳ ❚❤❛t ✐s✱
❣✐✈❡♥ s♦♠❡ ❞✐str✐❜✉t✐♦♥ ❉✱ r❡s♣❡❝t✐✈❡❧② s♦♠❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❈❉ ❛♥❞ s♦♠❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡ ❳ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ✭❝♦♥❞✐t✐♦♥❛❧✮ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❳ ✉♥❞❡r ❉✱ r❡s♣❡❝t✐✈❡❧② ❈❉ s✐♠♣❧②
❜②

✼



❃ ❉ ❁✲ ◆♦r♠✭✮

❃ ❊✭♦❜❥❡❝t ❂ ❉✱ ❢✉♥ ❂ ❳✮

❬✶❪ ✵✳✵✵✵✵✵✵✵ ✵✳✾✾✾✾✾✹✷

❃ ❊✭❉✮

❬✶❪ ✵

❃ ✈❛r✭❉✮

❬✶❪ ✶

❃ ✭❈❉ ❁✲ ▲▼❈♦♥❞❉✐str✐❜✉t✐♦♥✭t❤❡t❛ ❂ ✶✮✮

❉✐str✐❜✉t✐♦♥ ♦❜❥❡❝t ♦❢ ❝❧❛ss✿ ❆❜s❝♦♥t❈♦♥❞❉✐str✐❜✉t✐♦♥

t❤❡t❛✿ ✶

✐♥t❡r❝❡♣t✿ ✵

s❝❛❧❡✿ ✶

★★ ❝♦♥❞✿

♥❛♠❡✿ ❝♦♥❞✐t✐♦♥✐♥❣ ❜② ❛♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡

❘❛♥❣❡✿ ❊✉❝❧✐❞❡❛♥ ❙♣❛❝❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ✶

❃ ❊✭♦❜❥❡❝t ❂ ❈❉✱ ❢✉♥ ❂ ❳✱ ❝♦♥❞ ❂ ✷✮

❬✶❪ ✷✳✵✵✵✵✵✵ ✹✳✾✾✾✾✾✸

❃ ❊✭◆♦r♠✭♠❡❛♥ ❂ ✷✮✮

❬✶❪ ✷

❃ ❊✭◆♦r♠✭♠❡❛♥ ❂ ✷✮✱ ❢✉♥ ❂ ❢✉♥❝t✐♦♥✭①✮④①❫✷⑥✮

❬✶❪ ✹✳✾✾✾✾✾✸

❢♦r s♦♠❡ ❣✐✈❡♥ ❝♦♥❞✐t✐♦♥ ❝♦♥❞✳
■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❞❡✜♥❡ ♠❡t❤♦❞s ❢♦r t❤❡ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥ s❤♦✇ ❢♦r t❤❡ ❝❧❛ss❡s ❘❛♥❞❱❛r✐❛❜❧❡✱

❊✉❝❧❘❛♥❞▼❛tr✐① ❛♥❞ ❊✉❝❧❘❛♥❞❱❛r▲✐st✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ ♠❡t❤♦❞s ❢♦r t❤❡ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥s
❞✐♠❡♥s✐♦♥ ✭s❡❡ ♣❛❝❦❛❣❡ ❞✐str ❬✹❪✮✱ ❧❡♥❣t❤✱ ♥❝♦❧✱ ♥r♦✇✱ t ❛♥❞ ❬ ✭❝❢✳ ♣❛❝❦❛❣❡ ❜❛s❡✮✳ ❋♦r
♠♦r❡ ❞❡t❛✐❧s ✇❡ r❡❢❡r t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤❡❧♣ ♣❛❣❡s✳

❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ s❡✈❡r❛❧ ♥❡✇ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥s✳ ❆ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s
✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳
❋♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ❢✉❧❧ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ ♣❛❝❦❛❣❡ ❘❛♥❞❱❛r ✇❡ r❡❢❡r t♦ t❤❡ s♦✉r❝❡ ❝♦❞❡
❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤❡❧♣ ♣❛❣❡s✱ r❡s♣❡❝t✐✈❡❧②✳

✽



●❡♥❡r✐❝ ❋✉♥❝t✐♦♥ ❉❡s❝r✐♣t✐♦♥

✪♠✪ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢♦r ❊✉❝❧❘❛♥❞❱❛r▲✐sts

❝♦♠♣❛t✐❜❧❡❉♦♠❛✐♥s t❡st ✐❢ t❤❡ ❞♦♠❛✐♥s ♦❢ t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛r❡
❝♦♠♣❛t✐❜❧❡

❡✈❛❧❘❛♥❞❱❛r ❡✈❛❧✉❛t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

✐♠❛❣❡❉✐str ✐♠❛❣❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s♦♠❡ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r
s♦♠❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

♥✉♠❜❡r❖❢▼❛♣s ♥✉♠❜❡r ♦❢ ❢✉♥❝t✐♦♥s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❧♦ts ▼❛♣

♦❢ t❤❡ ♠❡♠❜❡rs ♦❢ ❛ ❊✉❝❧❘❛♥❞❱❛r▲✐st

❚❛❜❧❡ ✷✿ ◆❡✇ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥s ♦❢ ♣❛❝❦❛❣❡ ❘❛♥❞❱❛r ✭✇✐t❤♦✉t ❛❝❝❡ss♦r ❛♥❞ r❡♣❧❛❝❡♠❡♥t
❢✉♥❝t✐♦♥s✮✳

✸ ❖❞❞s ❛♥❞ ❊♥❞s

❚❤❡ ♠❛✐♥ ✐ss✉❡ ✐s t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❢♦r ♠❡t❤♦❞s ✉s✐♥❣ ♦❜❥❡❝ts ♦❢ ❝❧❛ss
❘❛♥❞❱❛r✐❛❜❧❡ ❛♥❞ ✐ts s✉❜❝❧❛ss❡s ❛s t❤❡s❡ ❝❧❛ss❡s ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❝♦♠♣✉✲
t❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧❧② r♦❜✉st ❡st✐♠❛t♦rs❀ ❝♦♥❢❡r ❑♦❤❧ ✭✷✵✵✺✮ ❬✸❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛r❡ ❧♦♦❦✐♥❣
❢♦r ✇❛②s t♦ ✐♥❝r❡❛s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ s♣❡❡❞ ♦❢ ❡✈❛❧❘❛♥❞❱❛r ❛♥❞ ❊✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❈❤❛♠❜❡rs ❏✳▼✳ Pr♦❣r❛♠♠✐♥❣ ✇✐t❤ ❞❛t❛✳ ❆ ❣✉✐❞❡ t♦ t❤❡ ❙ ❧❛♥❣✉❛❣❡✳ ❙♣r✐♥❣❡r✳
❤tt♣✿✴✴❝♠✳❜❡❧❧✲❧❛❜s✳❝♦♠✴st❛t✴❙❜♦♦❦✴✐♥❞❡①✳❤t♠❧ ✸

❬✷❪ ●❡♥t❧❡♠❛♥ ❘✳ ❖❜❥❡❝t ❖r✐❡♥t❛t❡❞ Pr♦❣r❛♠♠✐♥❣✳ ❙❧✐❞❡s ♦❢ ❛ ❙❤♦rt ❈♦✉rs❡ ❤❡❧❞ ✐♥ ❆✉❝❦✲

❧❛♥❞ ✳ ❤tt♣✿✴✴✇✇✇✳st❛t✳❛✉❝❦❧❛♥❞✳❛❝✳♥③✴❙✲❲♦r❦s❤♦♣✴●❡♥t❧❡♠❛♥✴▼❡t❤♦❞s✳♣❞❢ ✸

❬✸❪ ❑♦❤❧ ▼✳ ◆✉♠❡r✐❝❛❧ ❈♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❆s②♠♣t♦t✐❝ ❚❤❡♦r② ♦❢ ❘♦❜✉st♥❡ss✳ ❉✐ss❡rt❛t✐♦♥✱
❯♥✐✈❡rs✐tät ❇❛②r❡✉t❤✳ ❙❡❡ ❛❧s♦ ❤tt♣✿✴✴st❛♠❛ts✳❞❡✴❚❤❡s✐s▼❑♦❤❧✳♣❞❢ ✶✱ ✾

❬✹❪ ❘✉❝❦❞❡s❝❤❡❧ P✳✱ ❑♦❤❧ ▼✳✱ ❙t❛❜❧❛ ❚✳✱ ❛♥❞ ❈❛♠♣❤❛✉s❡♥ ❋✳ ❙✹
❈❧❛ss❡s ❢♦r ❉✐str✐❜✉t✐♦♥s✳ ❘✲◆❡✇s✱ ✻✭✷✮✿ ✶✵✕✶✸✳ ❤tt♣s✿✴✴❈❘❆◆✳❘✲
♣r♦❥❡❝t✳♦r❣✴❞♦❝✴❘♥❡✇s✴❘♥❡✇s❴✷✵✵✻✲✷✳♣❞❢ ❙❡❡ ❛❧s♦ ❤tt♣✿✴✴✇✇✇✳✉♥✐✲
❜❛②r❡✉t❤✳❞❡✴❞❡♣❛rt♠❡♥ts✴♠❛t❤✴♦r❣✴♠❛t❤❡✼✴❘❯❈❑❉❊❙❈❍❊▲✴♣✉❜s✴❞✐str✳♣❞❢ ✷✱
✸✱ ✼✱ ✽
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